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Recent experiments indicated that polymers can reduce the turbulent drag beyond the asymptotic
limit known as the MDR, leading to a laminar flow. In this Letter, we show through direct numerical
simulations that, when the MDR is exceeded, the flow can remain in a laminar-like regime for a very
long period without being truly laminar. During this period called pseudo-laminar state, a transient
behavior is observed as a consequence of a small rate of polymer energy injected into the flow. Later
on, flow instabilities develop across the channel, finally triggering elastoinertial turbulence.
Thanks to the viscoelastic nature of long chain poly-
mers, their addition, in very small concentrations, can
lead to a drastic drag reduction (DR) in turbulent flows.
In other words, via a combination of viscous [1] and elas-
tic [2] effects, polymers modify turbulence, reducing its
intensity.
The DR initially increases with the polymer concen-
tration (elasticity level), but eventually saturates and
reaches what is known as the Maximum Drag Reduc-
tion Asymptote (MDR) [3]. The MDR has been inter-
preted as the edge (or the lower branch solution) between
laminar and turbulent motions [4, 5], an argument sup-
ported by very recent experimental and numerical works
carried out with Newtonian fluids [6, 7]. Although the
edge is intrinsically unstable in purely Newtonian flows,
in viscoelastic scenarios, this marginal turbulent mani-
festation would persist due to instabilities that emerge
from a particular interaction between inertial and elastic
forces. For this reason, Samanta et al. [8] called this flow
elastoinertial turbulence (EIT) [see also 9, 10].
Interestingly, recent experimental results pointed out
that, for an appropriated range of polymer concentration
and Reynolds number, the drag can be reduced to a value
beyond the one corresponding to the MDR, leading to a
laminar mean velocity profile, suggesting that the corre-
sponding flow is laminar [11]. In the following, we show
through direct numerical simulations that, in the scenario
in which the MDR is exceeded, the flow can remain in a
laminar-like state for a very long period of time without
being truly laminar. During this period, or flow state
referred here as the pseudo-laminar one, a transient be-
havior is observed as a consequence of a very small rate of
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polymer energy injected into the mean flow. This poly-
mer/flow transfer of energy gives rise to very weak core-
like turbulent structures that later on develop across the
channel, finally triggering the elastoinertial turbulence.
Formulation: Turbulent plane Couette flows of incom-
pressible dilute polymer solutions are considered. The
flow is driven by both the top and the bottom plates,
which have the same magnitude of velocity in the stream-
wise direction (Uh), but opposite signs. The streamwise
direction is x1 = x, the spanwise direction is x2 = y, and
the wall-normal direction is x3 = z. The instantaneous
velocity field in the respective directions is (ux, uy, uz) =
(u, v, w) and it is solenoidal (∇ · u = 0, where u denotes
the velocity vector). Wall scaling is used and is based on
zero-shear rate variables with length and time scaled by
νtot/uτ and νtot/u
2
τ , where νtot = νN + νp0 is the total
(solvent + polymer) zero-shear viscosity, and uτ is the
friction velocity. Using this scaling, the dimensionless
momentum equations are
∂u+i
∂t+
+ u+j
∂u+i
∂x+j
= −∂p
+
∂x+i
+ β0
∂2u+i
∂x+j
2 +
∂Ξ+ij
∂x+j
. (1)
In Eq. 1, the superscript ‘+’ indicates the wall unit
normalization, p+ is the pressure, β0 is the ratio of the
Newtonian solvent viscosity (νN ) to the total zero-shear
viscosity (νtot). The extra-stress tensor components are
denoted by Ξ+ij . The formalism of Eq. 1 includes the as-
sumption of a uniform polymer concentration in the di-
lute regime, which is governed by the viscosity ratio β0,
where β0 = 1 yields the limiting behavior of the Newto-
nian case. The extra-stress tensor components (Ξ+ij) in
Eq. 1 represent the polymer contribution to the stress
of the solution. This contribution is accounted for by
a single spring-dumbbell model. We employ here the
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2FIG. 1. Evolution in time (made dimensionless by Ub and h; tUb/h) of the x-y plane average wall shear stress, 〈τw(t)〉
(normalized by its initial value value, 〈τw(t = 0)〉) for three Wih: (a) 10; (b) 40; and (c) 80. The dotted green lines indicate
the typical laminar wall shear stress level (made dimensionless by 〈τw(t = 0)〉). The insets illustrate the oscillations of 〈τw(t)〉
around a statistically steady value represented by the solid black lines. During this final stage, the flow fluctuates between
three states (pink regions): hibernating (below the dashed lines); strong activation (above the dash-dotted lines); moderate
activation. A movie concerning figure (a) is available on url{https://anselmopereira.net/videos/}.
FENE-P kinetic theory Bird et al. [12]. The compo-
nents of the polymeric extra-stress tensor, Ξ+, are then
Ξ+ij = α0 (f {tr (C)}Cij − δij) with α0 = (1− β0) /Wiτ0,
where C denotes the polymeric conformation tensor, and
Wiτ0 = λu
2
τ/νtot is the friction Weissenberg number rep-
resenting the ratio of the elastic relaxation time (λ) to
the viscous timescale. Additionally, δij is the Kronecker
delta and f {tr (C)} is given by the Peterlin approxima-
tion f {tr (C)} = L2−3L2−tr(C) , where L is the maximum
polymer molecule extensibility and tr (.) represents the
trace operator. This system of equations is closed with
an evolution equation for the conformation tensor
DCij
Dt+
=
(
CikS
+
kj + S
+
ikCkj
)
−(
CikW
+
kj +W
+
ikCkj
)
− f (tr (C))Cij − δij
Wiτ0
,
(2)
where S+ij =
(
∂u+i /∂x
+
j + ∂u
+
j /∂x
+
i
)
/2 and W+ij =(
∂u+i /∂x
+
j − ∂u+j /∂x+i
)
/2 are, respectively, the compo-
nents of the rate-of-strain, S+, and the rate-of-rotation,
W+, tensors.
We follow the same numerical method used in Pereira
et al. [13, 14] and all details of the scheme employed are
given in Thais et al. [15]. We simulate the viscoelastic
cases fixing the Reynolds number based on the plate ve-
locity, Reh = hUh/νtot (where h denotes the plane Cou-
ette half-width), at 4000, β0 at 0.9 and L at 100. Four-
teen viscoelastic cases are studied by setting the following
Weissenberg numbers based on the plate velocity (Wih =
λUh/h): 2, 4.3, 10, 20, 30, 35, 40, 45, 50, 60, 70, 80, 95,
and 110. The respective time-averaged drag reduction
values, DR, are: 11% (Wih = 2), 33% (Wih = 4.3),
47% (Wih = 10), 52% (Wih = 20), 53% (Wih = 30), 54%
(Wih = 35), 55% (Wih = 40) and 56% (50 ≤Wih ≤ 110).
The Newtonian case at Reh = 4000 is also considered as
a reference (DR = 0%). Lastly, both the size of the
domain (Lx × Ly × Lz = 12pi × 4pi × 2) and the num-
ber of mesh points (Nx × Ny × Nz = 768 × 512 × 257)
are kept fixed for all cases, which leads to a grid res-
olution of 7.2 ≤ ∆x+ ≤ 9.5, 3.6 ≤ ∆y+ ≤ 4.8, and
0.2 ≤ ∆z+ ≤ 3.4.
Results and discussions: The initial condition for the
conformation tensor is the identity tensor, i.e. C(t =
0) = I. In addition, for each viscoelastic case, both
the velocity and the pressure fields are initiated from the
same Newtonian fully developed turbulent flow. We fol-
low then all the polymer/turbulence interaction from the
initial Newtonian-like flow (when polymers are coiled) to
the final viscoelastic one. As a result of this method, the
DR exhibits a marked transient behavior before achiev-
ing a more pronounced fluctuating regime with a clear
mean value (statistically steady). We define the percent-
age of DR in time as DR(t) =
(
1− <τw(t)><τw(t=0)>
)
×100[%],
where < τw(t) > is the area-averaged wall shear stress at
a given instant t and < τw(t = 0) > is the area-averaged
wall shear stress at the very beginning of the simulation,
when the conformation tensor is isotropic (which corre-
sponds to the case for which polymers are in a coiled con-
figuration). The evolution of < τw(t) > / < τw(t = 0) >
as a function of the dimensionless time, tUh/h, is shown
in figure 1 for three Wih: 10 (1a); 40 (1b); and 80 (1c).
Focusing on the Wih = 10 case, at the very first in-
stant, the molecules are totally coiled, tr (C) /L2 ≈ 0,
< τw(t) > / < τw(t = 0) >= 1, the DR level is then null,
and both the turbulent velocity field and structures still
exhibit a Newtonian-like nature [see 16, for the details].
Polymers start to interact with the flow, taking a con-
siderable amount of energy from it, which partially sup-
presses turbulent structures and increases the wall shear
stress that, in turn, achieves its maximum value. Once
3FIG. 2. Dimensionless developing time, tdUh/h, as a function
of Wih. Each point represents a simulated case. The inset dis-
plays the linear relation tdUh/h ∼Wih for Wih < 40 (region I,
in white). Region II, in gray, indicates the transition towards
to EIT, which occurs at Wih = 40. For 60 ≤ Wih ≤ 110
(region III, in red), tdUh/h fluctuates around 3500.
the flow is weakened, polymers relax, releasing part of the
stored energy primarily to the streamwise flow velocity
component [17]. As a result, the mean velocity increases,
while < τw(t) > / < τw(t = 0) > decreases, reaching its
minimal value. Since the mean flow acts as a source of
turbulent energy [18], turbulent structures develop, in-
creasing τw(t) and triggering viscoelastic turbulence [16].
The period of time required to trigger the latter is called
the developing time, td [13, 19, 20]. At the final stage, the
wall shear stress oscillates around a statistically steady
value, 〈τw〉, represented by the solid green lines (this
value was used to compute the time-averaged DR lev-
els presented in the previous paragraph). Since Wih is
relatively high (= 10), the flow oscillates between three
distinguished states (pink regions): hibernating, Hib (for
which 〈τw〉 < 0.95〈τw〉; region below the dashed green
lines); strong-active, S-Act, which is the counterpart of
the hibernation (〈τw〉 > 1.05〈τw〉; region above the dash-
dotted green lines); moderate-active, M-Act (for which
0.95 ≤ 〈τw〉 /〈τw〉 ≤ 1.05) [7]. The two latter states con-
tain the basic dynamical elements of Newtonian near-wall
turbulence, exhibiting a higher drag. In contrast, the tur-
bulent structures almost vanish during the former state,
which reduces the drag [16, 21, 22].
Comparing figures 1(a), 1(b), and 1(c), we notice that
tdUh/h tends to increase drastically from tdUh/h = 145
to tdUh/h = 12200 when the Weissenberg number moves
from Wih = 10 to Wih = 40. Conversely, it falls to
tdUh/h = 3255 when Wih = 80. The dependence of
tdUh/h on Wih is displayed in details in figure 2. A
fairly linear relation tdUh/h ∼ Wih (i.e. td ∼ λ) is ob-
served for Wih < 40 (region I, which appears in white;
see the details in the inset). Interestingly, at the criti-
FIG. 3. (a) Very weak core-like turbulent structures de-
tected by the Q-criterion (Q = ±1E − 6) at tUh/h = 2000
(pseudo-laminar state). They are organized in trains of alter-
nating elliptical (Q > 0; red parts) and hyperbolic (Q < 0;
blue parts) regions [9, 23] that directly emerge from near-wall
polymer/flow exchanges of energy, E+, such as those illus-
trated in (b) (E+ = ±5E − 6). A movie showing the devel-
opment of the core-like turbulent structures is available on
url{https://anselmopereira.net/videos/}.
cal Weissenberg number of Wih = 40, tdUh/h increases
almost 100 times (tdUh/h = 12200; region II, in gray),
before weakly fluctuating around 3500 for Wih ≥ 60 (re-
gion III, in red). In fact, the abrupt increase of tdUh/h,
from 35 to 40, and its sudden decrease, from 45 to 50,
underlined by the gray region in figure 2 indicates the
transition towards the EIT, as will be demonstrated in
the following lines.
It is important to emphasize that, during the EIT de-
veloping process, 〈τw(t)〉 decreases considerable, becom-
ing equal to the laminar wall shear stress (denoted by
the dotted green lines in figure 1) before starting to os-
cillate around its final time-averaged value (indicated by
the solid green lines in figure 1). For the Wih = 40
case, for instance, 〈τw(t)〉 stays at the laminar level dur-
ing over 10000 (2000 < tUh/h < 12200). Similarly, the
laminar wall shear stress valley is achieved during almost
1000 dimensionless times (2000 < tUh/h < 3255) for
the Wih = 80 case (figure 1c). At this wall shear stress
level, both the normalized conformation tensor trace and
the streamwise velocity profiles exhibit a laminar-like de-
pendence on the normalized wall-normal distance, z+, as
shown by the black asterisks in figures 4(a) and 4(b), re-
spectively. However, very weak core-like turbulent struc-
tures are detected by the Q-criterion of flow classification
[24], as shown in figure 3(a) for which Q = ±1E− 6 and
4FIG. 4. Normalized x − y plane averaged of the conformation tensor trace (a), streamwise velocity (b), polymer work (c),
and polymer work fluctuations (d) as a function of normalized wall distance. These profiles are computed at four tUh/h:
2000 (pseudo-laminar), 4685 (strong activation), 5390 (moderate activation), and 10135 (hibernating). For the velocity profile
analysis, three references are used: laminar (solid pink line), log-law (dotted pink line), and MDR (dash-dotted black line).
tUh/h = 2000. These are near-wall small scale turbu-
lent structures organized in trains of alternating elliptical
(Q > 0; red parts) and hyperbolic (Q < 0; blue parts) re-
gions which directly emerge from instantaneous near-wall
polymer/flow exchanges of energy, such of those illus-
trated by the pink and green iso-contours corresponding
to positive and negative exchange, respectively, in figure
3(b). The polymer/flow energy exchanges are defined
as E+ = ux
+ ∂Ξxj
+
∂x+j
+ uy
+ ∂Ξyj
+
∂x+j
+ uz
+ ∂Ξzj
+
∂x+j
[this terms
is also called polymer work 14, 25]. Comparing figures
3(a) and 3(b), we clearly observe that the near-wall core-
like structures follow the alternating patterns exhibit by
E+. These particular turbulent structures are only ob-
served here for Wih ≥ 40. Furthermore, they evolve to
the stretched ones aligned with the streamwise direction
and located at higher wall distances, leading to the com-
plete development of EIT [see the Appendix of 7, for
more details concerning the final shape of the turbulent
structures in non-Newtonian MDR scenarios].
We observe then that, at Reh = 4000, the development
of EIT is a process during which the flow can remain in
a laminar-like regime for a very long period of time (for
instance, tUh/h > 10000 for the Wih = 40 case, as shown
in figure 2), without being truly laminar, a particular flow
scenario called here pseudo-laminar state (PL). Since this
state is characterized by very long developing time scales
(tdUh/h > 3000 for all EIT cases reported in this Letter),
an experiment with a duration that is not large enough
(typically smaller than tdUh/h) would not be able to de-
tect the rising of EIT and, consequently, the flow would
be classified as laminar due to its signatures. The issue of
discrepancy between the time-scales associated with the
EIT development and the experiment could be related
to the relaminarization argument presented by Choueiri
et al. [11], who investigated experimentally viscoelastic
pipe turbulent flows using an opened system for which
tUD/D < 650 (where UD the bulk velocity and D is the
pipe diameter) at a bulk Reynolds number of approxi-
mately 3000. The findings of the present work suggest
that longer experimental investigations would be needed
in order to conclude that a laminar regime was in fact
achieved. Another possible line of study would be to
search for other signatures of the EIT when the lami-
nar profile is achieved, such as hyperbolic and elliptical
alternating structures, since a parabolic state would be
expected in a laminar regime.
During the pseudo-laminar state, E+ is mainly pos-
itive in the very near-wall region (the iso-contours in
figure 3b are mostly pink), as shown in figure 4(c),
where the instantaneous x − y plane ∆z-weighted av-
erage, 〈E+ ∗ ∆z+〉, is displayed as a function of z+ for
the Wih = 80 case. The E
+ curve shown in the in-
set appears positive for z+ < 30, which indicates that
polymers are primarily injecting energy into the very
near-wall region at tUh/h = 2000 and, as a result, giv-
ing rise to the instabilities that characterize EIT. De-
spite the laminar signatures of the PL state, very weak
flow fluctuations are already detected at tUh/h = 2000,
which induces slightly non-null fluctuations of E+ (de-
fined as E′+ = u′x
+ ∂Ξ
′
xj
+
∂x+j
+u′y
+ ∂Ξ
′
yj
+
∂x+j
+u′z
+ ∂Ξ
′
zj
+
∂x+j
, where
the superscript ‘′’ denotes the fluctuations) at z+ > 20,
as indicated by the black asterisks in the inset of figure
4(d). Both the polymer work (E+) and the polymer work
fluctuation (E′+) profiles change considerably during the
final flow stage, when EIT develops and oscillates be-
tween S-Act, M-Act and Hib (see the inset in figure 1c).
These states are represented by three dimensionless in-
stants in figure 4: tUh/h = 4685 (S-Act; blue triangles);
tUh/h = 5390 (M-Act; gray circles); and tUh/h = 10135
(Hib; red diamonds). During both the S-Act and M-Act
states, polymers store a considerable amount of energy
from the flow (〈E+〉 and
〈
E′+
〉
are negative), which in-
creases tr (C) /L2 while 〈u+x 〉 decreases towards the log-
law profile (dotted pink line in figure 4b) and the veloc-
ity fluctuations are dumped (as indicated by the positive
values
〈
E′+
〉
in both the S-Act and M-Act states). In
5response, the flow tends to weaken and hibernate. Then,
polymers partially relax (red diamonds in figure 4a), re-
leasing energy into the very near-wall flow region, as con-
firmed by the difference between the red (diamonds) and
the blue/gray (triangle/circles) curves in figure 4(c), as
well as by the positive values of
〈
E′+
〉
illustrated by the
red diamonds in figure 4(d). The polymeric injection of
energy increases both the mean velocity (red diamonds
in figure 4b) and the velocity fluctuations, favoring the
re-activation of EIT and the reinitialization of the cycle.
Finally, it is important to stress that at the S-Act and
Hib states, the velocity profiles are perfectly aligned with
the log-law (pink dotted line) and the MDR (black dash-
dotted line), respectively, a behavior observed for all EIT
cases studied here (Wih ≥ 40). Such results reinforce the
argument according to which the MDR would represent
the edge between laminar and non-laminar regimes.
Conclusion: In this Letter, we show through direct
numerical simulations that, in the scenario in which the
MDR is exceeded, the flow can remain in a pseudo-
laminar state for a very long period of time. In this
state, both the x − y plane averaged velocity and poly-
mer stretching profiles exhibit a laminar feature. Fur-
thermore, the wall shear stress falls to the typical lami-
nar value. However, non-linear polymer/flow interactions
give rise to very weak core-like turbulent regions, which
slowly amplify and evolve to longer and stretched parts,
finally triggering elastoinertial turbulence. The flow then
fluctuates between active and hibernating states, while
the mean velocity profile oscillates between the log-law
(observed during intense activations) and the Maximum
Drag Reduction Asymptote (related to pronounced hi-
bernations).
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